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Abstract. We introduce the concept of bi-conformal transformation, as a 
generalization of conformal ones, by allowing two orthogonal parts of a manifold 
with metric g to be scaled by different conformal factors. In particular, we study 
their infinitesimal version, called bi-conformal vector fields. We show that these 
are characterized by the differential conditions £^ P cx: P and £^ 11 oc 11 where 
P and n are orthogonal projectors (P -|- 11 = g). Keeping P and 11 fixed, the 
set of bi-conformal vector fields is a Lie algebra which can be finite or infinite 
dimensional according to the dimensionality of the projectors. We determine 
(i) when an infinite-dimensional case is feasible and its properties, and (ii) a 
normal system for the generators in the finite-dimensional case. Its integrability 
conditions are also analyzed, which in particular provides the maximum number 
of linearly independent solutions. We identify the corresponding maximal spaces, 
and show a necessary geometric condition for a metric tensor to be a double- 
twisted product. More general "breakable" spaces are briefiy considered. Many 
known symmetries are included, such as conformal Killing vectors, Kerr-Schild 
vector fields, kinematic self-similarity, causal symmetries, and rigid motions. 



PACS numbers: 02.40.Ky, 02.20.Sv, 02.20.Tw, 04.20.Cv 

1. Introduction 

Symmetry transformations have been a subject of research over the years. In General 
Relativity they have been used for different purposes, ranging from the classification 
of exact solutions of the field equations to the generation techniques for new solutions 
[39]. In this work, we are interested in the study of continuous transformation 
groups with certain properties acting on a metric manifold (see [25, 27] for a precise 
definition of this) . A classification of the outstanding cases can be found in [30] where 
they are sorted according to the differential conditions complied by the infinitesimal 
generators. This condition involves the Lie derivative of the metric tensor or other 
geometric objects — such as the connection or the curvature tensor — . The symmetries 
classified in [30] have received a great deal of attention. However, as a matter of fact, 
it is difficult to find in the literature studies of symmetries characterized by other 
differential conditions. Some examples can be found in [16, 29, 41, 44, 23]. 

In this paper we will pursue this line of research and present a new type of 
group of transformations: those diffeomorphisms which scale two pieces of the metric 
tensor by unequal factors. We call them bi-conformal transformations. We will not 
restrict our presentation to four-dimensional spacetimes, so that our results will be 
valid in any n-dimensional differential manifold V with a smooth metric tensor g 
of any signature. Bi-conformal transformations can be univocally characterized by 
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a symmetric square root of g (see next section for its definition; this is a Lorentz 
tensor in Lorcntzian signature, see [6, 24]), or cquivalcntly by two complementary 
orthogonal projectors. The infinitesimal generators are well defined and we present 
the necessary and sufficient differential conditions they fulfill, which involve the Lie 
derivatives of the metric tensor and of the square root, or equivalently of the two 
projectors. This differential condition can be understood as stating that the generating 
vectors, called bi-conformal vector fields, are generalized conformal motions for both 
projectors. The properties of bi-conformal vector fields are studied, and we show 
that they constitute a Lie algebra which can be finite or infinite dimensional. We 
identify the cases where the latter case may happen. We also prove that, in the 
former case, a normal system for p,n — p ^ 1,2 where p is the trace of one of the 
projectors — can be achieved, so that the integrability conditions and the maximum 
number of linearly independent bi-conformal vector fields are found. This turns out 
to be (p + + 2)/2 + (n — p + l)(n — p + 2)/2. We show that this maximum number 
is attained in double-twisted product spaces with fiat leaves (i.e. a metric breakable 
in two conformally flat pieces where the conformal factor of each part depend on all 
the coordinates of the manifold). We also find a necessary geometric condition for a 
space to admit such form in local coordinates. 

The outline of the paper is as follows: in section 2 we set the notation and study 
the basic properties of square roots. Bi-conformal vector fields are introduced in 
section 3 whereas in section 4 we study groups of bi-conformal transformations and 
give the general form taken by the metric tensor in a coordinate system adapted to 
the symmetry. The Lie algebra of bi-conformal vector fields is the subject of section 
5. The normal system for the finite-dimensional case is obtained in section 6 together 
with the highest dimension of the Lie algebra. Part of the integrability conditions of 
the afore-mcntioned equations are considered in section 7. Finally explicit examples 
of bi-conformal vector fields are presented in section 8. 

2. Preliminaries. 

We start by setting the notation and conventions to be used in this work, iy, g) will 
stand for a smooth n-dimcnsional manifold with metric g. The metric signature 
is arbitrary although in some of our results we will specialize g to a Lorentzian 
metric (signature convention (-|-, —)) in order to highlight the applications to 

n-dimensional spacetimcs. Latin characters running from 1 to n will be used for tensor 
indexes. Vectors and contravariant (covariant) tensors will be denoted with arrowed 
(un-arrowed) boldface characters whenever they are expressed in index-free notation. 
As usual contravariant and covariant tensors arc related by the rule of raising and 
lowering of indexes. Thus if T is a rank-r contravariant tensor we will use the same 
un-arrowed symbol T for the tensor obtained by lowering all the indexes. Index 
notation though will be used in most of the paper for tensors. Round and square 
brackets enclosing indexes will stand for symmetrization and anti-symmetrization 
respectively. We review next very briefly some basic geometric concepts in order 
to show the notation we use. In (V, g) we define the tangent space Tx{V) at a point 
X &V, the tangent and cotangent bundles T{V), T*{V) and the bundle TJ(1/) of 
r-covariant s-contravariant tensors in the usual way. All differentiable sections of the 
bundle (vector fields) T{V) and other tensor bundles will be assumed smooth. We 
will use the same notation for sections as for vectors and tensors unless the context 
requires to use different notations. 
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Recall that any vector field ^ on a differentiable manifold defines a local group 
of local diffeomorphisms {ips} that is to say, each member tp^ of the family is a local 
diffeomorphism and (po is the identity on V. In addition to this {cpsi ° ^S2){^) = 
^si+s2 {^) holds whenever all the objects appearing in both sides of the equality make 
sense. In local coordinates {a;"} we have the correspondence 

? {Vsix)) = , (po{x) = X 

which relates the vector field ^ with its generated local group of local diffeomorphisms 
by means of standard theorems on differential equations. When this local group is 
formed by global diffeomorphisms ips 'V ^V, s €: I then ^ is called a complete vector 
field being / an interval of the real line containing 0. For a Hausdorff manifold this 
is equivalent to / = M or in other words the integral curves of this vector field can 
be extended to every value of their parameter. As is well known vector fields can be 
regarded as differential operators acting on the set of smooth functions of the manifold 
V and in this picture the Lie bracket of two vector fields ^j^, ^2 is 

[lu2m^M2{f))-Mi{f))- 

The set of smooth vector fields generates an infinite dimensional Lie algebra by means 
of the Lie bracket operation. This is usually denoted by X(y) and not all the elements 
of are complete unless the dimension of the Lie algebra is finite. We can use 

the (local) one-parameter group of diffeomorphisms {^s} generated by ^ to define, for 
any T G r^(T^), the family of tensor fields (f'JY where ip'^ is the push-forward of ips- 
There is an obvious counterpart for covariant tensor fields T using the pull-back (p*. 
The Lie derivative of T (T) is another tensor field of the same rank defined by 

i:jT= lim-^^^^ , i:?T=lim^^^^ . 

« s^O S * s^O S 

All these geometric definitions are well known and can be found in many text books 
(see e. g. [14]). 

2.1. Square roots. 

We present next a concept which will play a very important role in this work. 

Definition 2.1 Let be a nondegenerate bilinear form defined on Tx{V). A 
symmetric tensor Sab on Tx{V) is called a square root o/g|x if 

SapS^b ~ Sab- 



If gob has Lorentzian signature then the tensor Sat is called a Lorentz tensor. Clearly 
Lorentz tensors with an index raised are involutory Lorentz transformations (a linear 
transformation is said to be involutory if its inverse is the transformation itself) but 
they can also be characterized as superenergy tensors of certain normalized simple 
forms as it was shown in [6]: 

Proposition 2.1 Every Lorentz tensor Sab is proportional to the superenergy tensor 
of a simple form n. 
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Without going into further details which are beyond the scope of this paper, we will 
just write down the definition of the superenergy tensor Ta(,{f2} of a p-form [36, 6] 

Tabm = (nac....,n,'''-''' - ^ga6J^c,...c,l^'=^-"'') • (2.1) 

The form CI is said to be simple if it can be decomposed as the wedge product of 
1-forms and the normalization required is 

n . n = OeL-.c^o^^-"" = 2p\{-i)p-\ (2.2) 

Denoting by ki,...,kp a set of 1-forms such that ft = fei A . . . A fep we have 
that 5pan{ki, . . . , kp} and _L 5pan{ki . . . , kp} are the only eigenspaces of 5'°^ with 
corresponding eigenvalues +1 and —1 respectively. Another important property is the 
invariance Tab{i^} = Tab{i * ^} where *fl is the hodge dual of ft. Thus, whenever we 
speak of the Lorcntz tensor of a p-form this must be understood up to duality and sign. 
With the normalization chosen above, Span{ki, . . . ,kp} is a timelike subspace {ft is 
"timelike") and _L 5pan{ki, . . . , kp} is its spacelike complement {*ft is spacelike). 
Some of these results can be translated to arbitrary square roots. 

Proposition 2.2 Every square root 5*°^,, regarded as an endom,orphism, has +1 and 
— 1 as unique eigenvalues. Furthermore S\ is diagonalizahle so the space T^iV) 
decomposes in a direct sum of the two eigenspaces associated to the eigenvalues +1 
and —1. 

Proof : The first statement of the proof is trivial. To prove the second one we must 
note that the endomorphisms = {6\ + S%)/2, Il\ = {6% ~ S\)/2 are idempotent, 
their composition in any order gives the zero endomorphism, both have vanishing 
determinant and 6\ = + From this we deduce that the direct sum of the 
eigenspaces of S'';,, with eigenvalues +1 and —1, is the total space or in other words 
S% is diagonalizahle. D 
The following straightforward corollary is deduced from this proposition. 

CorollEiry 2.1 The tensors 

Pab = {gab + Sab)/2, Hah ^ (gab - S ab) / 2 (2.3) 

constructed from any square root Sab are orthogonal projectors on the eigenspaces of 
eigenvalue +1 and —1 respectively. 

For the case of Lorentzian signature the subspaces onto which Pab and Tlab project 
coincide with Span{fi{S)} and ± Span{fi{S)} where /i(S) is the set of null vectors k 
such that S(k, k) = (see proposition A. 3 of [24] for further details). 

By means of previous results, we can now generalize proposition 2.1 to cases in 
which the metric tensor is not necessarily Lorentzian. 

Theorem 2.1 Any square root Sab can be written, up to sign, as in (2.1) for a simple 

form, ft normalized, up to sign, as in (2.2). 

Proof : Under the assumptions of this theorem a not very long calculation shows 
that for a p-form flai...ap we have 



Ta,mTl{Sl} 



(ft ■ ftf 
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(the procedure is the same as for the Lorentzian case, see the proof of proposition 3.2 in 
[6]). Thus formula (2.1) still defines a square root if $1 • $1 = ±2p! in the case of a non- 
Lorentzian metric. Conversely if 5*"^ is a square root then proposition 2.2 tells us that 
we can write T^iV) as a direct sum of the eigenspaces of S'^^ with eigenvalues +1 and 
-1 denoted by V+ and V- respectively. Furthermore S°'f^ is a symmetric endomorphism 
with respect to the metric g|a; so = V-. Now choose a basis {ki, . . . , kp} of V+ 
(we take it of dimension p) and calculate the tensor T{S} with S = fci A . . . A fcp. Use 
of formula (2.1) implies that kj j = 1, . . . p, are eigenvectors of T'^jS} with eigenvalue 
(— l)P~^S-S/(2p!) and the same happens for any vector in V- (but now the eigenvalue 
has the opposite sign). The identity 

1 X^abi...b„-iy I |det(g)| (,.y\ab„+2-bn(,,,y\^^ ^ _ ^ ' ^ X«- 

- — -Zj ^66i...6p_ii- , ,/ TT\\*^) {*^)bbp+2—bn — " 6) 

[p — ly. det(g)(n - p — 1)! '^^ p\ 

must be used along the way to prove this. Hence the tensor T'\^{T,} has the same 
spectral properties as S\ which is only possible if both are proportional. The 
proportionality factor can be fixed to +1 or —1 by choosing the normalization 
S • S = ±2p\. □ 
Remark. Note that the sign of S • S is fixed and characteristic to the subspace V+ (if 
the metric has Lorentzian signature this sign allows us to decide the causal character 
of the subspace V+). One can thus choose the sign in the normalization condition 
S ■ S = ±2p\ so that T{S} = S. 

3. Bi-conformal vector fields 

Definition 3.1 ^ is said to be a bi-conformal vector field if it fulfills the differential 
conditions 

£^g = ag + f3S, £^S = aS + f3g, (3.1) 
where S is a symmetric square root of g and a, (3 smooth functions. 

Following [16] the functions a and j3 will be called gauges of the symmetry and 
their true relevance will become clear later. Suffice it to say here they play a role 
analogous to the factor ij} appearing in the differential condition i?^ g = 2^g satisfied 
by conformal motions [43]. 

If the signature admits null vectors then there is a variant of previous definition 
known as generalized Kerr Schild vector fields where Sab is no longer a square root 
but it takes the form Sab = kakb with k'^ka = (this can be also characterized as 
SapS\ = 0). The explicit differential condition is now 

£^g = ag + pk'S)k, £^k = 'yk. (3.2) 

Generalized Kerr-Schild vector fields are a generalization of Kerr-Schild vector fields 
studied in [16] given by (3.2) with a = 0. Both bi-conformal vector fields and 
generalized Kerr-Schild vector fields can be written in a gauge-free way as we show in 
the next theorem. 

Theorem 3.1 A vector field ^ is either a bi-conformal vector field or a generalized 
Kerr-Schild vector field if and only if 

(i;jgx i;jg)Ai;jgAg = o, (i;ji;^g) Ai;^gAg = o. (3.3) 
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Proof : The inner product x of two rank-2 tensors Tab and Mab is defined by 

(T X M) ab = TacM'^fj and their wedge product A is the typical wedge product in 
T2 (F) considered as a vector space, e.g. (T A M)abcd = TabM^a — T^dM^b- It is 
clear that the statement of this theorem is equivalent to demanding the existence of 
functions Ai, A2, A3 and A4 with the properties 

X i^^g = Aii^|g + A2g, ^^i^^g = A3g + A4i^|g, (3.4) 

so we will prove the equivalence of these equations to those characterizing bi-conformal 
vector fields and generalized Kerr-Schild vector fields. Straightforward calculations 
show that the above expressions are fulfilled with 

Ai=2a, A2 = /3^-a^ = -a^ + 0^ + £^a - ^^£^13, X4 = ^£^P + 2a, 

if 1^ is a bi-conformal vector field, and with 

a 1 
Ai = 2a, A2 = -a^, A3 = =e^a - —£^(3- 27a, A4 = ^-^^/^ + a + 27, 

for a generalized Kerr-Schild vector field. Conversely, assuming that (3.4) holds and 
setting T = — ^Aig, the first of these equations implies that T x T oc g so that 
T is proportional to a square root of g or T x T = 0. In the former case, T = /3S for 
some square root S whence i?^g = ag + /3S with a = \Xi whose substitution in the 
second equation of (3.4) allows us to get 

i^l S = /zig + /Z2S, /xi = (A3 + A4a - i^i a - a^), 1x2 ^ X^ - ^£^(3 - a. 

The functions /ii and ^2 can be further constrained by applying £-^ to the relation 
5\ = S\S'^f^ getting /ii = /?, /i2 = a from what we deduce that ^ is a bi-conformal 
vector field. In the case T x T = then either T = 0, so that ^ is a conformal Killing 
vector, or T = fc (g) fe, with k null (this can only happen if the metric admits null 
vectors) so that 

£^k ® k + k ® £^k — /xig + fj.2k ^ k, 

which only makes sense if /xi = 0. This gives the differential condition characterizing 
generalized Kerr-Schild vector fields at once. D 
Bi-conformal vector fields will be studied paying special attention to their 
geometrical meaning. To start with we show how the second equation of (3.1) can be 
rewritten in terms of the j>form giving rise to the square root S of g entering in the 
definition of bi-conformal vector fields. 

Proposition 3.1 The second equation of (3.1) admits the following equivalent forms 

£^n = ^{a + 0)n, £^n = -^{a + p)n, (3.5) 

where ft is a simple p-form such that S = T{n} and the first of (3.1) is assumed. 
Proof : From equations (3.1) it follows, by means of £^g°'^ — — ag"^ — 13S°'^, that 

£^ S\ = so that for any vector k intervening as a factor in the p- vector $7 wc have 
S°'p£^¥' = £^k°' as follows by Lie derivating the equation S'^pk^ = fc". This means 
that £^k°' is also an eigenvector of 5"^ and thus £^k°' is a linear combination of the 
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vectors which build up fl whence £^il ocSl. Using the relation between ft and n and 
the first of (3.1) wc get a similar formula for £^n. The proportionality factors are 
fixed by Lie derivating the normalization condition on $7 • written before, arriving 
thus at (3.5). Conversely, if any of (3.5) together with the first equation of (3.1) hold 
we can work out the other equation of (3.5) using the relation between fl and ft 



together with Qai. 



n 



bia2 



Then £7 Sab is calculated by just derivating 



(2.1) (as all the required Lie derivatives are known) getting the second equation of 
(3.1). □ 

4. Bi-conformal transformations 



The structure of the differential conditions for bi-conformal vector fields allows us to 
find explicit expressions for (^*g and </5^S. To that end wc rewrite equations (3.1) as 

i:j(g + S) = (a + /J)(g + S), i;|(g-S) = (a-/3)(g-S). (4.1) 

Observe that these are differential conditions on the projectors Pab and so that 
they are conformally invariant, and one obviously gets 

£-^P\^ £-^Tl\ = 0. (4.2) 

Now if we take into account the identity 

^ = ^:(^,-T), (4.3) 

holding for every section T of T°(F), equations (4.1) can be integrated yielding 



iflE + = (g + S) exp 



t/'sS = (g- S)exp 



/ dt{a{^pt) + I3{ipt)) 
Jo 



from what wc get the formulae for ip*g and (/?*S 



<^gg = exp dt a(<^t)| cosh (^j dt l3{(fit)^ g + sinh dt 



Pi^t) s 



g 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



(p*S = exp|y dia(v3t)| cosh dt /3{(fit)j S + sinh J dt 0{(pt 

It is also possible to perform a similar derivation for generalized Kerr-Schild vector 
fields if the signature admits null vectors. The result is 



V>sS = exp 



Jo 



dt a{ifit) 



ip*gk = feexp 



/ dt jitpt) 
Jo 



+ dt exp — dt a{ip^' ) 
Jo I Jo 

f{t) = exp / du j{ipu) 
Jo 



f{t)l3{cpt)k^k 



We thus see that bi-confornial vcc;tor fields can be characterizcxl as generalized 
conformal motions^ of both projectors Pab and Ilab of (2.3) which states clearly the 
geometric interpretation of these vector fields. This interpretation will be further 
supported when we study the highest dimension of finite-dimensional Lie algebras of 
bi-conformal vector fields in section 6 (see below for the definition of Lie algebras of 
bi-conformal vector fields). This characterization and equations (4.4), (4.5) lead us to 
the definition of bi-conformal transformation 

I They are "generalized" in the sense that the conformal factors and gauges are functions on V, that 
is to say, they depend on all coordinates. 
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Definition 4.1 A diffeomorphism ^ :V is called a bi-conformal transformation 
if there exists a pair of orthogonal projectors Pab and Hab with gab = Pab + ^ab such 
that 

^*Pab = XlPab, $*n„6 = A2n„6, 

for some functions Ai, A2 G C^(V). Equivalently, this can be rewritten in terms of 
the square root Sab = Pab — ^ab as 

^*gab = Plgab + p2Sab-, ^* Sab = Pigab + PlSab, 

where pi = (Ai + A2)/2, p2 = (Ai - A2)/2. 

A clue for the interpretation of bi-conformal vector fields can be obtained by 
examining their effect on g in local coordinates adapted to f . 

Proposition 4.1 Let ^ be a bi-conformal vector field and {x^,x'^}, i = 2, . . . ,n a local 
coordinate system adapted to ^ (i.e. ^ = d/dx^) around any non- fixed point of ^. In 
these coordinates the metric takes the form 

gab = e^Gl,{x') + e''Gl,{x% (4.8) 

where (i) G^j, and G^j, do not depend on x^ (they are invariant by rank{G^^^) = P°^, 
rank{Gl,) ^ n ^ P-^ and ^Gj, ^ 0. 

(a) A and B are functions satisfying d^iA = a + P, d^^B = a — (3. Furthermore 
the square root S is given in these coordinates by 

Sab = e^Gl,{x') - e^'Gl.ix'). (4.9) 

Proof : As is known, local coordinates such that ^ = d/dx^ can always be chosen 
in a neighbourhood of any point in which ^ does not vanish. In this local coordinate 
system equations (4.1) become 

^(g + S) = (a + /3)(g + S), A(g _ s) = (a - /3)(g - S),(4.10) 
which can be explicitly integrated giving in components 



gab{x\x')+Sab{x\x') = 2G°,(:C*) Cxp 



gab {x\x') - Sab{x\x') = 2GI^ {x' ) CXp 



ds{a{s, a;') + /3(s, x')) 



ds{a{s,x'^) - /3(s,a;*)) 



Addition and subtraction of these equations leads to (4.8)-(4.9) with the obvious 
definitions for A and B. G°(, and G]^^ are proportional to Pab and Ilab respectively 
from what we deduce the stated properties about their rank and product at once. D 

We finish this section pointing out that it is possible to define conserved quantities 
and currents for bi-conformal vector fields in a similar way as it has been done with 
other symmetry transformations (see [16, 24] for further details about this). 
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5. Lie algebras of bi-conformal vector fields 

In this section we will settle under what circumstances bi-conformal vector fields give 
rise to a subalgebra of 3i{V) and derive some of its basic properties. For a fixed square 
root S of the metric g we denote by Q{S) the set of bi-conformal vector fields whose 
differential condition (3.1) involves S. Bi-conformal vector fields belonging to G{Si) 
and ^(82) for two different square roots Si and S2 are necessarily conformal motions 
of the metric g as we are going to prove now. A lemma is needed first. 

Lemma 5.1 // Si and S2 are square roots of the metric g such that Si x S2 = Ag 
then Si = ±S2. 

Proof : From the assumptions we easily get 

Si X S2 X S2 = AS2 ^ Si = AS2, 

and using now Si xSi = S2xS2=gwe conclude that A^ = 1. D 

Proposition 5.1 For two nonproportional square roots Si and S2, G{Si) (1 5(82) is 

a set of conformal Killing vector fields. 

Proof : The existence of a non vanishing vector field ^ belonging to G{Si) fl ^(82) 
entails the relation 

i?|g = aig + /3iSi =a2g + /32S2 ^ (ai - a2)g = /32S2 - ASi, (5.1) 

Let us assume first that /3i 7^ and /32 7^ 0. Performing the left inner product and 
the right inner product of the last equation with Si we get respectively 

/3ig - X S2 = (a2 - ai)Si, /3ig - (i^S^ x Si = (^2 - ai)Si, 

whose subtraction yields 

/?2(Si X S2 - S2 X Si) = Si X S2 = S2 X Si 

On the other hand squaring each member of (5.1) and using S2 x S2 = g we obtain 

-2/3i/32Si X S2 = ((ai - a2f - 0i - f^)^. 

Hence, Si x S2 is proportional to the metric tensor which is only possible if Si = ±S2 
as we proved in lemma 5.1 contradicting the statement of the proposition. Thus some 
of the functions /3i or /?2 must vanish which implies according to equation (5.1) that 
either Si = ±g and S2 = ±g, or /3i = /32 = 0, ^ being in all of these possibilities a 
conformal Killing vector. D 
The main conclusion of the previous proposition is the non-existence of a 
nontrivial proper bi-conformal vector field constructed from two different square 
roots Si and S2, or in other words ^ cannot leave invariant two different pairs 
of complementary projectors {P^b, Il^b} and {P'"?,, Il'^f,} (unless it is a conformal 
motion) . 

Our next result proves that ^(S) is a Lie algebra for any square root S. 

Proposition 5.2 The set of vector fields in G{S) with S a square root of the metric 
is a Lie subalgebra of the Lie algebra X{V) . 
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Proof : We must show that the hnear combination and Lie bracket of any pair of 

vectors and ^2 satisfying equations (3.1) for a fixed square root S is also a solution 
of this same pair of equations for different gauges. Clearly the gauge functions must 
depend on the chosen bi-conformal vector field ^ in a precise fashion and we will write 
this dependence as a^, f3^. After a simple calculation, we get that +^2 ^^'^ [^1)^2] 
are bi-conformal vector fields with gauge functions given by 



"[Ilia] ~ ■^ii "€2 "^€2 "li' %i,€2] ^ ^ii % °^l2 %' 



□ 



Corollary 5.1 The subspace 5(Si) fl 0(^2) is a Lie subalgebra of conformal Killing 
vectors for every pair of square roots Si and S2. 

Proof : This is a conscqucince of proposition 5.2 and the fact that the intersection 
of two Lie algebras is a Lie subalgebra. D 
We analyze next some properties of the Lie algebra G{S) which might shed some 
light on the nature of bi-conformal vector fields. First of all it is clear that G{S) may 
sometimes consist only on the trivial solution and thus G{S) = {0} which is a case of 
no interest. When Q{S) ^ {0} an important question concerns their dimensionality as 
vector spaces. As happens with other known transformations in Differential Geometry, 
this dimension can be either finite or infinite depending on whether one is able to get 
a normal system of partial differential equations out of (3.1). Here normal means 
that the first derivatives of a well-defined set of unknowns can be isolated in terms of 
themselves, see [20] for a discussion and proof of this result and section 6. Nonetheless 
the search of a normal system to discard the existence of infinite dimensional Lie 
algebras can sometimes be bypassed if we state under what circumstances f and 
are bi-conformal vector fields for a function p. We settle this issue in the following 
proposition. 

Proposition 5.3 // both vector fields ^ and p^ are in Q{S) for some non-constant 
function p then Q, is either a 1-forw. with $7 oc ^ or a 2-form il oc ^ A dp where il is 

the simple form generating the square root S . 

Proof : To prove this we will study when the vector field solves (3.1) given that 
^ does, being p a smooth function. Substitution of this in (3.1) yields {pa = dap) 

Pa^b + Pb^a = {a- pa)gab + {P - PP)Sab (5.2) 

Pa^cS% + Pb^cS\ = {P- pp)gab + {a- pa)Sab, (5.3) 

whore a, /3 are the gauges of p^. Multiplying by S^^ we get after a suitable relabelling 
of indexes 

paS.cS\ + UPcS% = (a - pa)Sab + (/3 - pP)gab, (5.4) 
Pa£,b + ieS\pcS\ = {P~ p(3)Sab + {a - pa)gab. (5.5) 
Subtracting (5.4) from (5.3), and (5.5) from (5.2) we get 

LPcS\ - PbLS\ = 0, PcS\LS\ - pb^a = 0, (5.6) 

which can be reduced to a couple of linear homogeneous systems by contracting with 

Pc5'°^ and both relations 

Upcp') - {pcS^'pb)s\ie - 1 {i^'DPcS^ - Pb{£,cS\e) = 

PcP%eS\ - p'^Sebp'^a =0 / ■ (rSecDp,^^ - {W)Pb = 



(5.7) 
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The fulfillment of both systems implies that ^b^''^. = e^c and PbS''^ = epc with = 1. 
These conditions entail a further relation arising from (5.3) and (5.5) between the 
barred and unbarred gauges given by a — pa = e{P — pfi). From this we deduce that 
(5.2) takes the form 

Po6 + Pb£,a = (a - pa) (gab + eSab)- 

Since the tensors (gah + eS'a6)/2 are projectors (cither Pab or liab) they can be thought 
of as the metric tensor of a certain subspace (the subspace generated by the vectors 
forming the simple form generating S) meaning that rfp ^ + ^ (g) dp can only be 
algebraically such a projector if either the subspace is onc-dimcnsional generated by 
^ with ^ oc dp or two dimensional with dp and ^ as generators. If e = 1 this projector 
is Pab so Sab is the superenergy tensor of a simple form proportional to ^ in the one- 
dimensional case or to ^ A dp in the two dimensional case (sec considerations coming 
after equation (2.3)). The discussion for the case e = — 1 is similar replacing Pab by 

Haft. □ 

Remark. This result can be extended to include the dual of il, which is either a 
(n — l)-form or a (n — 2)-form, by means of the property 

T{*n} = (-l)"-Ml)lT{0} 

holding for any superenergy tensor defined by equation (2.1). 

We see as an outcome of this proposition that the cases with P° = l,2,n— l,n — 2 
may contain infinite-dimensional Lie algebras ^(S). This is what one should expect 
given the conformal character of these symmetries in the subspaces on which Pab and 
Ilab project because either of these subspaces will be of dimensions less or equal than 
two whenever S is built up from a 1-form or a 2-form (or their duals) and the conformal 
group in these dimensions can be of infinite dimension as is well known [43]. 

Another interesting result coming up from the proof of this proposition is that, 
in the case of S = T{Vt} for a 1-form il, this 1-form must be proportional to ^ cx dp 
from what we conclude that ^ is irrotational. Indeed the converse of this statement is 
also true. 

Proposition 5.4 Let ^ be a bi-conformal vector field such that S cx T{^}. Then p^ 
is also a bi-conformal vector field iff dp A ^ = 0. 

Proof : The "if" is a particular case of proposition 5.3 so we are only left with the 
"only if" implication. Under the hypotheses of this proposition the tensor Sab takes 
the form (equation (2.1) with = ^) 

Sab = -gab + 2r'ea6, ^ = 

If (3.1) is assumed, the first equation of the couple becomes 

+ Vb^a = (« - I3)gab + 2r^f3Ub- (5.8) 
Furthermore the second equation of (3.1) is a consequence of this because 

£| Ca = (gape) = {Oigab + PSab)^ = (« + =^ 
==> £^Sab = —£^gab + [S,~'^(,aS,b) = 

= -agab - PSab - 2r'(a + /3)?a€fe + 4r'(a + P)^aib = a {-gab + 2r'?a6) + /3gafe, 
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so we only need to care about (5.8). The l-form p^a fulfills the equation 

as long as 7^6 = dbp for some smooth function 7. The gauges a and p are given then 
by ^ = ^^7 + (3p and a = ^^7 + ap. D 



6. Normal system and meiximal Lie algebras of bi-conformal vector fields 

We start now to tackle the intogrability conditions of equations (3.1) for a fixed Lorentz 
tensor as well as the greatest dimension of the vector space ^(S) when it happens to 
be finite dimensional. First of all, we give an overview of the procedure to be followed 
which is quite similar to the one used to find out the first integrability conditions and 
the largest dimension of Lie algebras for isometrics, conformal motions or collineations 
(see e.g. [43] for an account of this). The aim is to rewrite the equations satisfied by ^, 
by using successive derivatives and identities, in normal form, that is to say, such that 
one can identify a definite set of unknowns, say Za, for which the equations become 
a set of first order PDEs like (6.3), see below, with all the derivatives isolated. In our 
case, this normal system, will actually be linear and homogeneous, in case it exists, 
as we are going to prove. 

One starts with the differential conditions fulfilled by each generator of the 
symmetry under study written generically in the form, 

$/(^,V^,...,</.i,V<Ai,...) = 0, (6.1) 

where ipi, . . . arc some scalar functions accounting for the gauges of the symmetry and 
the index / denotes the whole set of tensor indexes which appear in the differential 
conditions. These equations must be differentiated a number of times resulting in new 
algebraic equations involving the variables appearing in (6.1) plus higher derivatives 
of them (we now use the subindex Ik to gather the resulting new indexes) 

(tVtV2|,...,0i,V(/)i,V2^i,...) =0, A; = 1,2,.... (6.2) 

From these equations one wants to get another set which contains the first derivatives 
of the system variables isolated in terms of themselves and the manifold data. To do 
this one may need to include higher derivatives of the initial variables ^, (pi, ... as new 
independent variables so these definitions will be part of the normal system. Hence 
the normal set of equations will in general look like 

DaZA = faA{x,Z), (6.3) 

where x = (x^, . . . , a;") is the chosen local coordinate system, Z = {Za} = 
{Zi{x), . . . , Zm{x)) denotes the complete set of system variables, Da is a differential 
operator and faA are functions depending on the coordinates and the system variables. 
A normal system of equations can only be achieved for finite-dimensional Lie groups. 
An important point regarding this calculation is that the chain of equations (6.2) used 
to get the normal system may give rise to constraints between the system variables 
Za in the form 

Lc{x,Z)=0, C=l,...,q. (6.4) 

These constraints arise when some of the equations of the above chain (or some linear 
combination of them) do not contain derivatives of the system variables. 
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The first integrability conditions are new relations between the system variables 
coming from the compatibility of the anti-symmetrized second derivatives D^^D),^ and 
the normal system (6.3) 

2D^,D,^Za = DkfaAix, Z) + Y, ^^'^Qzf^ hcix, Z) - 

c 

-DMx, Z) - ^ ^^'fzf^ f<^c{x, Z), (6.5) 
c 

which can be arranged in the same form as (6.4) where some identity for Uj^jDj] must 
be used in this last step (for instance if Da is the covariant derivative, the Ricci identity 
(6.13)). The constraints (6.4) themselves must be differentiated (propagated) 

D^Lcix, Z) + V ^^^^^D,Zb = 0, (6.6) 

getting new relations involving the system variables and the data which are the first 
integrability conditions coming from the constraints. They must be added to the set 
arising from the commutation of the derivatives. The whole set of first integrability 
conditions will be identically satisfied if the (V, g) we deal with is maximal with respect 
to the symmetry under study. The fulfillment of the maximal integrability will pose 
certain geometric conditions which characterize these maximal spaces. In maximal 
spaces arising from a normal form, the largest dimension of the Lie algebra of vector 
fields satisfying (6.1) is achieved, and this largest dimension is given by the total 
number of system variables m minus the number of independent constraints q found 
in (6.4). The set of solutions of (6.1) is a subspace of X{V) which thus depends linearly 
on m — g arbitrary constants. If the first integrability conditions are not identically 
satisfied, we must carry on the above described procedure but now applied to the first 
integrability conditions obtaining a chain of equations of the same type 

E^ix,Z)=0, j = q + l,... (6.7) 

This new set of integrability conditions impose further geometric constraints for each 
j (we are assuming that all equations in (6.7) are algebraically independent). If there 
exists a value of j such that the corresponding condition is identically satisfied (or 
we arc able to settle the geometric conditions for this to happen) then the solution 
of the differential conditions is a Lie subalgebra of vector fields of dimension m — j. 
On the other hand, if the number of linearly independent equations in (6.7) and (6.4) 
is greater or equal than m then we get a homogeneous linear system for the system 
variables with no solution other than the trivial one. 



6.1. Normal system 

In what follows, we are going to construct the normal system form for bi-conformal 
vector fields — in the cases this is possible — thereby obtaining also the largest 
dimension of some finite dimensional ^(S) by following the above outlined procedure. 
This will in particular allow us to prove rigorously that the cases identified in the 
previous section are the only ones with a feasible infinite dimension. This is a rather 
long calculation and only its main excerpts are shown. To start with, we rewrite (3.1) 
(or (4.1)) in terms of the projectors Pat and Hat as 

£^Pab = ^Pab, £^^ab = Xnab, (6.8) 
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where ^ = (a + /?) and x = (a — /3) and the second pair is (4.2). The following well 
known formulae in differential geometry are needed (see [43] for an account of them) 

£^lbc = ^g"' [^b{£^gce) + Vc{£^gbe) - Ve(i:^-g6c)] , (6.9) 

£i7bc = VftVcr + ^''R^db, (6-10) 

'^c£-in;::Z-£i'^cTZ:Z 

= -i:(i^^-7c"^)TC.6:™^"^-- +E(^«^c\jrx?.6,,....> (6-11) 

£^Kub = Va(»e|7l) - Vb{£^7t), (6.12) 

where 7^^ is the Levi-Civita connection of the metric gab and R'^^ab curvature tensor. 
Our convention for the Riemann tensor is such that the Ricci identity is 

VaVbWc - VfeVa?ic = UdRij^a- (6-13) 

The Lie derivative of the connection can be worked out at once since wc know £^ g. 
In terms of the quantities defined in (6.8) it becomes {<pb = dtcj), Xb = dtx) 

£l lie = \^<^^n + <^cP\ - rPbc + XbU^e + - X^ne^ + (</.- X)MV), (6.14) 

where we have defined the tensor 

= VbP^c + ^cP% - y'^Pcb = -{^b^\ + Vcn% - V^Hfce), (6.15) 

coming the second equality in (6.15) from VcPab = —^c^ab- M'bc equally 
defined from the square root S as 

M1„ = i(V65« +Vc5«,-V«5e6). 

Observe also that 

P^«M„e6 = P'^i^cPab + VftPac - V„Pfec) = P'^^bPac = 

as follows from = Vb{P''"'Pac), and analogously 

W'^Mabc = 0. 

Using (6.11) and (6.14) we can calculate the Lie derivative of Mabc 

£^Mabc = <f>Mabc + {X- <l>)PapM\^ - PbJlap4!' + ^cbPapX" 

= XMabc + {(f>- X)'n-apMl^ - PbcTlap^ + IlcbPapX" , (6-16) 

where the identity (j>Mabc + (x - 4')PapM\^ = xMabc + {<!>- x)^apM''^^ must be used 
to get the last equality. The trace of (6.16) can be split in two if we contract with P°'' 
and XI'^'' respectively getting 

£^ {MabcP"') + (<^ - x)PapM\^P'>' = -pn,pCt>P 

£-^ (M„6en^^) + (X - <f>)liapM\Jl^'^ = -(n - p)PapX^ 
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(recall that p = -P „)• A further simplification of this arises if we realize the property 
= PapM^^^P"^ = ILapM^^fP."'' so the last couple of equations yields 

£^ = -pIl^pcl^P, £^ Wa = {p- n)PapX'', (6-17) 

where 

= M,,,P-\ = -M„,6^^^ n,,E- = E,, P^.W = W,,0 = P"'Eh = U^^Wt. 
Now we can use equation (6.12) to work out £-^R'^^^f^ obtaining 

+4>''^[bPa]c + X[b'^a]^\ + Xc^[aK] + [b^a\c + ^ [a[M%^e{^ - x)]- (6-18) 

Multiplying here by P*^, using algebraic properties and Vbt^c = Vc^b we get 

2£-^ {P'^.R^,,) = -VcWa) - VbiH^M - i^cPI + "^bP^c + P^''VpPbc)cl>a + 

+ (2 - p) Vb<Pc - P'^'VaMc - P^^'VaXdHch + ^{c^bEc + <j)cEb " XbEc - XcEb) - 

-P''\dVJi,b + n{Va[(0 - x)Ml] - VbU - x)Mt,\}. (6.19) 
A further contraction of this equation with P^^ yields 

2(l-p)P'=''V60c = 2£|P" + 2(/)P" + (x-0)T^°, (6.20) 

where R° = P"^ P"'' Rrcab and W° = P'^^'iV aMrbc - VbMrac)P''^- After substitution 
of (6.20) into (6.19) we realize that, in order to get an expression with the derivatives 
of (jib and Xb isolated, the only terms which require of a further treatment are 

-Ve(.^.n'-(,) + Vb{cl>r^\) - P'"^VaXd^cb, 

which can be worked out by derivating the second equation of (6.17) and using (6.11). 
The result of such calculation is 

Vc{nar<f) = -^[£l i^cEa) - ^ (S,</.'-)P„e - liErXlI^ac + X{aEc) ' \{X ' <P)ErM^,^], 



(6.21) 

(6.22) 



Vc(Pa.X'') = i^cWa) - liWrXn^ac ' liWr^c + <t>icWa) - ^(X ' mrM^cal 

Equation (6.21) provides us the answer for the terms —Vc{'fir^^b)'^^b{'fir^^c) whereas 
a further manipulation of (6.22) yields 

P^'^^aXd = ya{P'"'Xd) -liE''- W'jXd =^ 

P^^^^aXd = (Val^") + l^.x'^ + ~^ VK.0'' - \E-Xr " -^(jy^rW^ (6.23) 

n—p ^ Z(n — p) 2 n — p 

Therefore substitution of (6.23), (6.21) and (6.20) into (6.19) results, after some 
tedious algebra, in 

2 R^ 1 

'iP'"'Rdcab - -^(cEb) + z Pbc VrWHeb 

p ^ ' 1 — f> n—p 



^c4>b = £? 



2-p « 

^ErX"^ - ^ WrCf + -^WrX'\ Ucb " -X(cEb) ' 77^<P(bEc) + 

2p 2[n — p) 2—p ) p ^ ' 2—p^ ' 
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2-p P 2(1 -p) n — p 

This equation has a counterpart obtained by means of the replacements ^ x, 
Pab ^ Hob and p ^ n — p which we shall omit for the sake of brevity. Equation (6.24) 
and its counterpart together with the following ones 

9a0 = (l)a 
daX = Xa 

1 (6.25) 

Va6 = -^ab + ^{<l>Pab + X^ab) , 'flab] = ab 

Vb^ca = UR'^bca + 't>[cPa]b + X[cRa]b + (0 " X)V[cPa]6, 

comprise the normal system, where the third equation is the first of (3.1) written 
in terms of the system variables and the formula for Vb^ca is (6.10) with the Lie 
derivatives of the connection replaced by the values given in (6.14). 



6.2. Constraint equations 

The variables appearing in equations (6.24), its counterpart, and (6.25) are not 
independent because, as we are going to show next, they must fulfill a certain set 
of constraints reducing the effective number of them. To realize the existence of such 
constraints, let us review the procedure we have followed to derive the normal system 
out of the original differential conditions. Wc started with the differential conditions 
(6.8), differentiated them obtaining (6.16) and the fourth equation of (6.25), and then 
we calculated the second covariant derivative of the differential conditions (which 
essentially is (6.18)) yielding (6.24) and its partner after some algebraic manipulations 
involving the differentiation of both equations in (6.17). Therefore the equations which 
play the role of the chain written in (6.2) are 

• differential conditions (6.8). 

• linear combination of first derivatives . . .(6.10), (6.17), (j}a = dacj), Xa = ^oX- 

• linear combination of second derivatives (6.19), (6.21), (6.22), (6.23), 

because these and only these equations are used to get the normal system (6.24) and 
(6.25). Nonetheless, some of the previous equations (or suitable linear combinations) 
do not contain derivatives of the system variables when expanded in terms of them 
which means that they are constraints of type (6.4). These are 

e^cSab + "i^acS^ + *5c5^„ = 0, Sab = Pab - Hab (6.26) 

eVcEa + ^acE'' = -\xEa ' \{n + p)^^^^^ , (6.27) 

rVcVFa + ^acW^ = —Wa " " V)PapX'' , (6-28) 

where the first constraint is the second of (3.1) (equivalently a linear combination 
of (6.8)) and (6.27), (6.28) are the first and second of (6.17) respectively. These 
constraints must be appended to (6.24), its partner, and (6.25) and they are needed 
to settle the true number of independent variables. In appendix A we will prove 
that the first expression only entails p{n — p) independent equations whereas the next 
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couple contain n — p and p independent equations respectively. This last statement 
can be seen for (6.27) if wc note that Pj'Eh = which means that wc have at most 
as many equations as the dimension of the subspace orthogonal to Pj', that is, n — p. 
The same reasoning gives p independent equations for (6.28), whence both equations 
amount fov n — p + p = n independent equations as claimed. 

6.3. Maximal spaces 

The full normal system will always make sense unless either of 2 — p, 1 — p, 2 — n+p, 
1 — n + p vanishes {n = ±p must be discarded here since it is only possible if cither 
Pab or Uab vanishes). We will see in the next subsection that these cases correspond 
with the ones found in proposition 5.3 but before doing that let us give the sought 
upper bound for the dimension of ^(S) when there is a normal system. This number 
is the total number of variables appearing in the system (6.24), its counterpart and 
(6.25) minus the constraints (6.26), (6.27), (6.28) 



counting 


n 


C,i,2 


2 


2n 


counting 


p{n - p) 


n — p 


P 


variables 




*a6 




(t>r,Xr 


constraints 


(6.26) 


(6.27) 


(6.28) 



Thus an upper bound N for the dimension of g{S) is N = n + Cn,2 + 2 + 2n — p{n — 
p) — ri = ^[n^ + n(3 — 2p) + 4 + 2p^]. The natural number N can be rewritten as 
{p+l){p + 2)/2 + {n-p+l){n-p + 2)/2. We have thus proven 

Theorem 6.1 If p, n — p ^ {1, 2}, every Lie algebra of bi-conformal vector fields g{S) 
has finite dimension with 

dim{g{S)) < ^{p + l){p + 2) + ^{n-p+l){n-p + 2) = N. 

The right hand side of this inequality is the sum of the maximum number of conformal 
motions in p dimensions plus the same number for n — p dimensions suggesting that 
the maximum dimension of ^(S) is achieved when our space can be split in two 
conformally flat dimensional pieces. We can show that this is true and that the 

maximum dimension can be actually realized. 

Proposition 6.1 The previously defined number N is the maximum dimension of 
g{S) if p, n — p^ {1)2} being this dimension attained for any (V, g) whose line 
element is in local coordinates {x"^}, a = 1, . . . ,n 

ds^ = (j)\{x°-)rilfidx°'dx^ + (j)l{x'')r]\Bdx'^dx^ , (6.29) 

where x" = {x^,...,xP}, x^ = {x^^^ , . . . , x"^} are sets of coordinates and rf , ij^ 
flat metrics of the appropriate signatures depending only on the coordinates {x"} and 
{x^} respectively. 

Remark. This result is local, valid in any neighbourhood in which the local 
coordinates are defined. The maximum number of global bi-conformal vector fields 
can be obviously less than A'^. 

Proof : Prom equation (6.8) is clear that every conformal vector field of rj^ or rj^ 
is a bi-conformal vector field of (V, g) because the projectors P and 11 are given in 
terms of the flat metrics 77° and rj^ by 



P = <l>lrf, n = <^2^\ 
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whence 

p = (cp^^£^^ (</>?) + ai) p, n = ci>^^£^^ (4,1) n, 

where is any conformal Killing vector of the metric 77*^, that is, £^^ rf = a\rf , 
£^^ T]^ =0. Similarly we can prove the result for conformal Killing vectors of the 
metric 77^. Thus the line element given by equation (6.29) is maximally symmetric for 
bi-conformal vector fields since there are ^{p+l){p+2) linearly independent conformal 
Killing vectors for the metric rj^ and ^{n — p + l){n — p + 2) for the metric rj^ being 
mutually linearly independent. D 
Remark. Proposition 6.1 has an obvious generalized validity for the cases where p 
and/or n — p are 1 or 2. The statement then is that every conformal Killing vector of 
either of the two pieces rj^ or rj^ is a bi-conformal vector field of the space (V, g). 

6.4- Infinite dimensional Lie algebras of bi-conformal vector fields 

As we have already mentioned, the normal system given by the set (6.24), its partner, 
and (6.25) cannot be defined for some values of the trace p = P'^ which is the 
dimension of the subspace onto which projects. Therefore these values of p are 
linked to the possibility of infinite-dimensional Lie algebras of bi-conformal vector 
fields. Those values were 

p = 2, p=l, p = n-2, p = n-l, 

in which case (6.24) and its partner are not defined and there is no normal system for 
the variables ^a, ^ab, Xi and Xr- In principle we cannot assure that a normal 
system does not exist because it may well happen that further derivatives of these 
equations are required to get it. Nonetheless, we proved in proposition 5.3 that, if 
the trace of PI takes one of the above values, infinite-dimensional Lie algebras of 
bi-conformal vector fields could be constructed from what we conclude that it does 
not exist a normal system for these values of p. We arrive thus at the following result 

Proposition 6.2 The only possible cases in which G{S) may be infinite dimensional 
take place when P^ projects on a subspace whose dimension is either 1, 2, n — 1 or 
n-2. 

Note that this completes proposition 5.3: infinite dimensional cases can only arise for 
square roots generated by 1-forms, 2-forms, {n — l)-forms or (n — 2)-forms. 

Corollary 6.1 If n <Q then every group of bi-conformal transformations is liable to 
be infinite dimensional. 

7. First integrability conditions: a preliminary analysis 

In this section we turn our attention to finding part of the first integrability conditions 
of the normal system formed by (6.24), its counterpart, and (6.25) together with 
the constraints (6.26)-(6.28) according to the procedure outlined at the beginning of 
section 6. The calculation of the full integrability conditions of all the equations is 
long and it has not been completed yet. Nevertheless, we have reached a sufficiently 
advanced stage so that relevant information can already be extracted. In this sense, 
we will establish a necessary geometric condition for a line-element to adopt the form 
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(6.29) in local coordinates. In doing so we will use the calculations performed in the 
previous section. 

Let us start with the integrability conditions arising from the constraint equations. 
The first of such integrability conditions comes from the combination of equations 
(6.17) with (6.16) yielding 

£i (^M^cb - ^EaPbc + ^^WaU,t^ = Cj) {liapMP,^ - 

+x(Pa,Ml. + ^]. (7.1) 



n — p 

Observe that (6.17) is the trace of (6.16) so (7.1) is the traceless part of (6.16). This 
calculation is equivalent to differentiating equation (6.26) and using the normal system 
so we can regard (7.1) as the first integrability condition of the constraint (6.26). For 
a better handling of some forthcoming expressions, let us define the tensor 

Tabc = Mabc + -^Wailbc - -E^Pbc- (7.2) 

n — p p 

Straightforward properties are 

P'^'T^bc = 0, n'^Taftc = 0, P'^Tabc = 0, n^^T^fte = 0, 

so Tabc is traceless in every index contraction. From this tensor we can define two 
other as 

= PjTdbo = PjMdeb + -^Wall^i,, (7.3) 

n — p 

Babe = llaTdbc = n/Mdcb - -EaPcb, (7.4) 

P 

which allow us to rewrite (7.1) in a number of equivalent ways 

jC^Tabc = (f/*!!/ + XPa)Tsbc £lAabc = X^abc, £^Babc = (f>Babc (7.5) 

^ £^A\, = (x - ^)A\„ £^B%, = (0 - x)B%„ 
from what we deduce the invariances 

£^ {A%,Bif) = 0, £^ (A„b,n'^«) = 0, £^ {B^bcP''') = 0. (7.6) 
An important property of Tabc is shown next. 

Theorem 7.1 A sufficient condition such that the first integrability condition (7.1) of 
(6.26) is identically satisfied is that the tensor Tabc given in (7.2) vanishes identically. 



Proof : This follows from the the first of (7.5) straightforwardly. D 
We will see later that the tensor Tabc actually vanishes if the metric tensor takes 
the form (6.29). 

The integrability conditions of equations (6.27) and (6.28) present a lengthy form 
which shall be omitted in ths paper. Next we address the integrability conditions of 
(6.24-6.25). A not very long calculation proves that the integrability conditions of the 
first three equations of (6.25) are identically satisfied. This is evident for the first two 
and is reasonable for the third because the last of (6.25) is, in essence, its derivative. 
Therefore wc arc only left with the last of (6.25), (6.24) and its counterpart, whose first 
integrability conditions are calculated by means of the Ricci identity (6.13) applied to 
V[aVf,]4'cd) V[aV;,]0c and V[(jVf,]Xc; respectively, and using the system itself to get rid 
of the first derivatives of the system variables. This last calculation and the geometric 
conditions imposed by the whole set of first integrability conditions are under current 
research and they will be presented elsewhere. 
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7.1. The condition Tabc = 

The vanishing of the tensor Tabc is a sufficient condition for the integrability constraint 
(7.1) to bo fulfilled as wc proved in theorem 7.1. To investigate further the geometric 
significance of this condition, let us compute this tensor for metrics given in local 
coordinates {x"} by 

ds'^ = gabdx"-dx'' = gafidx^dx^+gABdx^dx^, a,P = l,...p, A,B = p+1, . . . ,n, (7.7) 

where ga0 and gAB are functions of all the coordinates {a;"}. The tensors Pab and 
Ilab with components 

Pab = gapKK, = gAsS^aSl, (7.8) 

are orthogonal projectors, whose nonvanishing components are Pa/3 = ga/3 and 
n^B = gAB, playing the role of (2.3) in this case. Thus, they can be used to calculate 
Tabc according to its definition (7.2). The non-zero components of the Christoffel 
symbols are 

= Ig'^'id^gjP + djgp0 - d,gp^), T^^A = Ig^'dAgffp, r"^^ = -ig"P5,gBA, 

r^Ja = Ig^^'dagBD, = -Ig^'^dDgffa, T^BC = Ig^'' {dBgCD + dcgDB - dogBc), 

from what we conclude that the nonvanishing components of Mabc, Ea, and Wa are, 
respectively 

MaAB = dagAB, MAa0 = -^Aga/J, 

Ea = -Oa log |det(ga^i)|, Wa = -da log |det(gAB)|. 

The condition Tabc = entails the couple of partial differential equations 

dagAB = — gABWa, dAga0 = " - ga/J-^A, 

n — p P 

whose solution is 

ga/3 = Ga/3(a;*)e^^("'"\ gAB = C?AB(a;^)e^=(""\ (7.9) 

where Ga0, Gab, Ai, A2 are arbitrary functions of their respective arguments with no 
restrictions other than det{Ga0) 7^ 0, det(GAB) 7^ 0. We arrive thus at the following 
important result. 

Theorem 7.2 A necessary condition for the existence of a coordinate system in which 
a metric gab decomposes according to equation (7.7) with ga0 and gAB given by (7.9) 
is that the tensor Tabc defined in (7.2) vanishes identically. D 

Remark. Observe once again that this theorem holds even in the cases with p and/or 
n — p taking the values 1 or 2. 

The vanishing of the tensor Tabc is thus part of a possible invariant 
characterization of "breakable spaces" , in the sense that the metric tensor decomposes 
according to (7.7) and (7.9). These spaces have been called double-twisted products in 
[34], as the "warping" or "twisting" functions Ai and A2 depend on all coordinates 
of the manifold. Particular interesting cases of these are (i) warped-product spaces 
where Ai,A2 depend only on the {x"} coordinates, say, (see e.g. [8], or [1] for a 
study of warped product spaces in Lorentzian geometry); (ii) conformally reducible 
spaces in which e^^ = e^^ (see [11] for dimension four and Lorentzian signature), (iii) 
twisted-product spaces where Ai (say) depends only on the coordinates x" — so that 
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Qa/s is a "true" metric on the {a;"}-space — , see [13, 34, 21]; and (iv) double-warped 
product spaces, e.g. [34, 35], where Ai depends only on the {a;"^}-coordinatcs and 
vice versa for A2. A major problem when dealing with such breakable spaces is their 
invariant characterization by means of some (local) criterion. Attempts towards this 
direction have been made for instance in [10, 11, 35]. 

In the particular case of Gaff and Gab being conformally flat metrics we recover 
the case studied in proposition 6.1 and the space is maximal, namely, it admits a 
maximum number of bi-conformal vector fields. 

8. Examples 

Example 1. Our first example of bi-conformal vector field was already presented in 
[24]. We briefly mention it here due to its interest in Lorentzian geometry (see [24] 
for the definitions of the concepts and the proof). 

Proposition 8.1 Every causal-preserving vector field with n — l linearly independent 
canonical null directions for n > 3 is a bi-conformal vector field with S the Lorentz 
tensor built up from the canonical null directions. 

Example 2. We present next an example of an algebra of bi-conformal vector fields 
which generalizes the one we gave in [23] for warped product spacetimes. A bi- 
conformal vector field is fixed once we set a simple p-form = 61 A . . . A 9p defining 
a square root S. A simple choice is a differential p-form such that the distribution 
spanned hy 0i, ... ,6p is integrable which, according to Frobenius theorem, happens 
if and only if dOa = Y^^=i '^ap A Op for a certain set of 1-forms uJap- This means that 
dil = ijj Ail, (jj = oj\\ — u>22 + • • • + {—lY~^(jJpp and we can set up a coordinate system 
{a;^, . . . , a;"} in which n takes the form = p{x)dx^ A ... A dx^. The line element in 
this coordinate system can be decomposed as 

ds^ = gaffdx'^dx'^ + 2gaAdx°'dx^ -\- gAsdx^dx^, l<a,(3<p, p + 1 < A,B < n, 

where det(gc/3) ^ and the signatures of gap and gAB are left free. The metric tensor 
components depend on all coordinates. Formula (2.1) provides Sab once we know O 
yielding 



where aaff can be determined in terms of gap, gAB and gaA using (2.1). Now, as 
we proved in proposition 3.1, the second equation of (3.1) is equivalent to = 
p{a + /3)0/2 and this last equation takes the form 



Sabdx"-dx'' — aaffdx^dx^ - 2gaAdx"dx"^ - gABdx^dx^ , 



(8.1) 



£^ {pdx^ A ... A dx^) = p)dx^ A...Adx^ + pd(^ A . . . Adx^ + . . . + 
+pdx^ A...Ad^P = {£^p + daC)dx^ A...AdxP + pdA^^dx^ Adx^ A. 
+ ... + pdA^^dx^ A ... A dxP-'^ A dx^ = |(q! + p)pdx^ A ... A dx^, 



AdxP + 



from what we conclude 



p ^ 2 



(8.2) 



(8.3) 
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This is our first set of equations. The remaining ones come from the first equation of 
(3.1) which written in components looks hke 

If we spell out the different components, we get 

^daga/S + daCg-rP + d/iCgaf + da^^gBfi + d[ii^ gaB = "ga/? + /JcTq,/? (8.5) 

CdcgAB + fdcgAB + dAS,^gCB + dB^gAC = (« - fi)gAB (8.6) 

CdlgAa + £,^dBgAa + OaS,^ gBa + ^a^'^g^^ + da£.^ gAB = (« - /?)gaA- (8.7) 

It is convenient to split the vector field f in two parts 

so that = (,1 + Observe that is a genuine vector field in the distribution 
spanned by 17. In terms of them the previous equations are rewritten as 

(i?|^ g)a(i + {£^^ g)aP = agap + /SfTa/? (8.8) 
(i;^^ g)AB + {£l^ g)AB = (a - P)gAB (8.9) 
(■^Ij g)Aa + {£l^ g)Aa = (« - /3)gAa, (8.10) 

These are the most general set of equations for bi-conformal vector fields such that the 

projector Pab can be regarded as conformally related to a true metric tensor defined 
on a submanifold of the total manifold (V, g) . The only nonvanishing components of 
this projector are 

-Pa/3 = 2(^«/3 + ga/3)- 

An interesting case arises when gAa = or in other words the metric tensor gab is 
breakable in two parts as in (7.7), each of them depending on all the coordinates. 
From equation (8.10) (see (8.7)) we get that 

gA« = ^ doc^.'' = 

so that ^2 depends only on the coordinates {x"^} and it is a genuine vector field of the 
distribution spanned by {d/dx^}. Furthermore aaji turns out to be gafj so (8.8) and 
(8.9) become 

ga/3 + £l^ ga/3 = (« + /3)gc</3 (8.11) 
£l^gAB + £l^gAB = {Ot- 0)gAB, (8.12) 

where the only nonvanishing components of the projectors Pab and are Pa/3 = ga/3 
and Hab = gAB- This couple of equations can be solved in an adapted coordinate 
system where and ^2 take the form = d/dx^, ^2 = d/dx". The solution consists 
on a metric tensor such that the two pieces ga/3 and gAB can be factored as 

ga/3 = fGaH, gAB = HGaB, (8.13) 

where = £^Gai3 = £^Gab and /, h arc nonvanishing fimctions otherwise arbitrary. 
This can be compared with the form found in proposition 4.1 for a general metric in 
coordinates adapted to ^. 

Equation (8.13) is more general than (7.9) as Gafj and Gab may depend 
on all coordinates: this is just a breakable space, not necessarily double-twisted. 
Nonetheless, the considerations pointed out after theorem 7.2 hold also here. 
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Interesting subcases of (8.13) using warped-product spacetimes were treated at the 
end of [23]. 

Example 3. In Lorcntzian geometry, let us consider a bi-confornial vector field such 
that Sab is the Lorentz tensor of a normalized timelike 1-form Ua- In physical terms this 
1-form may represent the velocity vector field of a fluid, or the congruence associated 

to a set of observers, or a reference system, among others. In this case the explicit 
form of Sab is found to be Sab = —gab + '2-UaUb and equations (3.1) (or (4.1)) become 

£^{UaUb) ^ {a + f3)UaUb, £^{gab - UaUb) ^ {a - P){gab - UaUb), (8-14) 

from where 

£^Ua = ^{a + f3)ua. (8.15) 

The tensor hab = gab — UaUb is the orthogonal projector defined by the congruence 
whose tangent vector is It is worth remarking here that the case with a and (3 fixed 
constants is a symmetry already known in the literature as kinematic self-similarity. 
It was first introduced in [12] and was later studied specially in spherically-symmetric 
perfect-fluid spacetimes [38, 5, 15]. Kinematic self-similarity can be interpreted as 
saying that the flow generated by ^ scales by unequal factors the timelike direction u"^ 
and the spacelike directions contained in hab as opposed to self- similarity where ^ is 
a homothetic Killing vector and the scaling takes place by the same factor in all the 
directions. As we see, (8.14) and (8.15) are a generalization of kinematic self-similarity 
— which is obviously included — such that the gauges are non-constant, so that the 
solutions for ^ could be called "kinematic conformal vector" . 

Another interesting case of the above equations arises when = m". In this case 
the acceleration 1-form Ua of the congruence defined by the vector field u° is given by 
£^Ua = fta from what we deduce, using (8.15) and the orthogonality aaw" = 0, that 
Qa = i.e. this is a geodesic congruence. Moreover, a = —/3 and the second equation 
of (8.14) becomes 

£u ^ab = '2oLhab 

which means that this is a shear-free congruence whose expansion is proportional to 
a (see e.g. [39] for definitions). In other words, every geodesic shear- free timelike 
congruence defines a bi-conformal vector field where the Lorentz tensor is S = T{m}. 
These congruences have been extensively studied in General Relativity specially for 
perfect fluids whose velocity vector is (see e.g. [18, 37, 31, 17]). It is known [37] 
that every such perfect- fluid congruence is either expansion-free or irrotational. In the 
former case, a = necessarily and the congruence is a geodesic rigid motion having 
the remarkable geometric property that it defines a homogeneous family of observers 
i.e. the average distance between neighbouring observers remains the same along 
the congruence. These congruences were first defined by Born [9] as the relativistic 
generalization of the rigid motions used in Newtonian mechanics and further studies 
of them can be found in [3, 4, 2, 32, 33, 42, 40] and references therein. The latter 
case can only be achieved if the perfect fiuid defines a Robertson- Walker solution and 
again the fluid vector congruence deflnes a privileged observer. 
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Appendix A: Number of independent constraints in equation (6.26) 

In this appendix we will show how many linearly independent equations are contained 
in (6.26). This equation can be cast in the following equivalent form 

^cV'S,t, + Mj''^,, = 0, Mj^ = S^lsi + 6%Si = 2S^lS% (A.l) 

We can regard this equation as an homogeneous system for the variables and 

where the indexes qc and ab arc gathered in a block and thus considered as a single 
index as far as the calculations are concerned. Therefore we can rewrite (A.l) in an 
explicit matrix form 

( (VS)/ M,^ ) ) = 0, / = {ab}, K = {qc}, 

where I < K < n{n — l)/2, 1 < 7 < n(n + l)/2, 1 < c < n. Hence the number of 
linearly independent equations present in (A.l) is given by the rank of the matrix of 
this homogeneous system. In order to calculate the rank of this matrix, we choose an 
orthonormal basis {ei, . . . , e„} of eigenvectors of S")^ and label them according to the 
following scheme 

g(ea,ea) = +1, g{eA,eA) = -1, l<a<r, r + l<A<n. 

r n—r 

Thus in this basis g = diag(l, . . . , 1, — 1, . . . , — 1). In the remaining parts of this 
appendix we will follow the same convention used to label the elements of the 
orthonormal basis, namely, Greek indexes will run from 1 to r and capital Latin 
indexes from r + 1 to n. In the above orthonormal basis the tensor looks like (see 
proposition 2.2) 

V —\n-p)x{n-p) J 

where Imxm is the m-dimensional identity matrix. It is then clear that in this basis 
the only non vanishing components of M^^^'^'^ are those with a = q, b = c being the 
value of such components 

Mat"' = liS^S", - 6%S'^J = S\ - a<b (no summation). 

All these components have different row and column indexes so the rank of Mj^ is the 
total number of such components. Given the form of 8% we find by a simple counting 
that such number turns out to be p{n — p). 

Let us now spell out the covariant derivative of Sab in the above chosen 
orthonormal basis 

Vc/Sab = -n/ca^eb - librae = -^ca^bb - Icb^aa, 

where are the components of the connection in this basis and the last step follows 
using that Sab is a diagonal tensor in this basis (there is no summation in the last step). 
In the above orthonormal frame, the connection components satisiy the symmetry 
properties 

76a = 0, 76B = 76a, IcP + iL = 0, 76B + IbA = 0, 
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from what we conclude that the only nonvanishing components of Vc^afc are (again 
there is no summation in the repeated indexes) 

VcS'sa = -'JcBi^aa + SBB), Vc^AB = -7ca{^BB-Saa), ^cSa0 = -7cai^f30~^ace)- 

Comparing these equations with the above formulae for Mj^ we infer that Mj^ = 

VK implies that (VS)/ vanishes for every value of the index c so the rank of the 
matrix system is just the rank of Mj^ calculated above. 
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